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Abstract 

Let A be a commutative Noetherian ring of dimension n (n > 
3). Let / be a local complete intersection ideal in A[T] of height n. 
Suppose I/I 2 is free A[T] //-module of rank n and (A[T]/I) is torsion 
in Ko{A[T]). It is proved in this paper that I is a set theoretic complete 
intersection ideal in A[T] if one of the following conditions holds: (1) 
n > 5, odd; (2) n is even, and A contains the field of rational numbers; 
(3) n = 3 , and A contains the field of rational numbers. 
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1 Introduction 

Let A be a commutative Noetherian ring of dimension n. Let I be a local 
complete intersection ideal in A[T] of height n. In jSj, Mandal proved the 
following interesting theorem: 

Theorem 1.1. Let A be a commutative Noetherian ring of dimension n. 
Let I be a local complete intersection ideal in A[T] of height n. Suppose I 
contains a monic polynomial. Then I is a set theoretic complete intersection 
in A[T]. 

Let A be a commutative Noetherian ring of dimension n. Let J be a 
local complete intersection ideal in A[T] of height n. By the well known 
Ferrand-Szpiro construction |14j . there exists a local complete intersection 
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ideal I which is contained in J, such that \/T = \[j and I /I 2 is free A[T]/I- 
module of rank n. So to show J is a set theoretic complete intersection in 
j4[T], it suffices to show / is a set theoretic complete intersection in A[T]. If 
A contains the field of rational numbers, in this paper, we are able to find 
a new sufficient condition for 7 to be a set theoretic complete intersection, 
which can be read as follows: 

Theorem 1.2. Let A be a commutative Noetherian ring of dimension n 
(n > 3) containing the field of rational numbers. Let L be a local complete 
intersection ideal in A[T] of height n. Suppose L/I 2 is free A\T\ / L -module 
of rank n and (A[T]/L) is torsion in Kq(A[T]). Then L is a set theoretic 
complete intersection ideal in A[T]. 

If the dimension of A is odd and bigger than 5, the above theorem also 
holds without the condition A contains the field of rational numbers. 

All rings in this paper are assumed to be commutative and Noetherian. 
All modules considered are assumed to be finitely generated. 

2 Some preliminary results 

In this section, we collect some well known results that will be used in the 
third section. 

First let us begin with a standard definition. 

Definition 2.1. Let A be a commutative Noetherian ring. Kq(A) is called 
the Grothendieck Group of A, which is defined by taking the free abelian 
group generated by all finitely generated j4-modules with finite projective 
dimension modulo the relation generated by (M 2 ) = (Mi) + (M3), whenever 
we have an exact sequence of finitely generated A-modules of finite projective 
dimension, 

-> Mi -> M 2 -> M 3 -> 0. 

The following theorem is due to Boratynskijn] and MurthvfTUj: 

Theorem 2.2. Let A be a commutative Noetherian ring of dimension n, 
and L C A be a local complete intersection of height r (r < n). Suppose 
L/I 2 is A/I-free with base fi, ■ ■ ■ ,f r , fi € L, fi is the class of fi in L/L 2 . 
Let J = i"( r_1 ) ! + (/!,..., f r -i). Then there exists a surjection P — > J with 
P a projective A-module of rank r, such that (P) — (A r ) = —(A/I) inKo(A). 

The next useful lemma which follows is due to Mohan Kumar [51 Lemma 

1]. 



Lemma 2.3. Let A be a ring and J C A a finitely generated ideal. Suppose 
that J I J 2 is generated by n elements. Then for any a £ A, the ideal (J, a) 
is generated by n + 1 elements. 

Next we state the cancellation theorem of Plumsteadjll| Theorem 1]: 

Theorem 2.4. Let A be a commutative Noetherian ring of dimension n, 
let P and P' be projective A[T]-modules with rank > n + 1. If P © A[T] ~ 
P'®A[T], thenP^P'. 

The following theorem is a result of Bassp^. 

Theorem 2.5. Let B be a ring with dimension n + 1, P a stably free pro- 
jective B-module of rank n, such that P © B ~ B n+1 . If n is odd, then P 
has a unimodular element. 

The following theorem is a consequence of a result of Rao |131 Corollary 
2.5] and Quillen's local-global principle |121 Theorem 1]. 

Theorem 2.6. Let A be a Noetherian ring of dimension n. Suppose n\ 
is invertible in A. Then any projective module given by a unimodular row 
over A[T] of length n + 1 is extended from A. In other words, all stably free 
A[T]-module of rank n are extended from A. 

Let A be a commutative Noetherian ring of dimension n which contains 
the field of rational numbers. The Euler class group E(A) of A is defined 
by Bhatwadekar and Sridharan in [Hj. Many important and interesting the- 
orems are proved in their paper. Let us quote one of them [3J Theorem 
4.2]: 

Theorem 2.7. Let A be a Noetherian ring of dimension n > 2 which con- 
tains the field of rational numbers. Let J be an ideal of height n such that 
J/J 2 is generated by n elements, and let uj : (A/J) n — > J /J 2 be a local 
orientation of J. Suppose that the image of (J,u>j) is zero in the Euler class 
group E{A) of A. Then u>j is a global orientation of J. In other words, uj 
can be lifted to a surjection tp : A n — > J. 

The following theorem is due to Das[Hl Theorem 3.10] 

Theorem 2.8. Let A be a Noetherian ring of dimension n > 3, containing 
the field of rational numbers. Let I C A[T] be an ideal of height n. Suppose 
there exists a surjection eft : A[T] n — ► I jI 2 T , such that 4>®A{T) can be lifted 
to a surjection <p' : A(T) n — > IA(T). Then there is a surjection ip : A[T] n — ► 
/ which lifts 4>. 
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Let A be a commutative Noetherian ring of dimension n. Let / be a local 
complete intersection ideal of height n in A[T]. Assume I /I 2 is free A[T]/I- 
module of rank n. If (A[T]/I) is torsion in Kq(A[T]), then by the standard 
"thickening" method, we will show that we can find a local complete inter- 
section ideal K in A[T], such that \f~K = \fl and K is the surjective image 
of a stably free projective A[T]-module P of rank n. More precisely: 

Lemma 3.1. Let A be a commutative Noetherian ring of dimension n 
(n > 2). Let L be a local complete intersection ideal of height n in A[T], 
such that L/I 2 is free A[T] / 1 -module of rank n. If (A[T]/I) is torsion in 
Kq(A[T}), then there exist a local complete intersection ideal K in A[T], and 
a surjection £ : P — > K such that: 

1. K C I, \f~K = y/l , 

2. P@A[T] « A[T] n+1 , 

3. (A[T]/K) = in K (A[T\) and K/K 2 is free A[T]/ K-module of rank 
n. 

Proof. We can find a regular sequence fi,---,f n m I, such that I = (/i, . . . , f n )+ 
I 2 . Suppose r(A[T]/I) = in K Q (A[T\). Let J = I r + (/i, . . . , / n _i), then 
(A[T]/J) = r(A[T]/I) = in K (A[T]) and J = (f 1: ... , f n -i, K) + J 2 - Let 
K = + (/!,..., f n -i), then K is a locally complete intersection ideal 

in A[T], satisfying (A[T]/K) = in K (A[T\), VI = \[K and K/K 2 is free 
A[T]/K -module of rank n generated by the image of f\, . . . , f n -i, fn~ n ~ 1 ^'- 
By theorem 2.2, there exists a projective A[T]-module P of rank n and a 
surjection: P K, such that (P) - (A[T] n ) = in K (^[T]). Hence P is 
a stably free ^4[T]-module of rank n. By Plumstead cancellation theorem, 
P © A[T] w A[T] n+1 . The proof of the lemma is complete. 

□ 

Theorem 3.2. Lei A be a commutative Noetherian ring of dimension n 
(n > A). Let I be a local complete intersection ideal of height n in A\T], 
such that I /I 2 is free A[T] / 1 -module of rank n. Suppose (A[T]/I) is torsion 
in Kq(A[T]) and n is odd. Then I is a set theoretic complete intersection in 
A[T\. 



Proof. By Lemma 3.1, there exist a local complete intersection ideal K in 
A[T], and a surjection £ : P — > if, such that \/if = \/7 and P is a stably 
free projective ^4[T]-module of rank n, and P © A[T] ~ ^4[T] n+1 . Since 
n is odd, by theorem 2.5, P has a unimodular element. So we can write 
P = A[T] © Q where Q is a stably free ,4[T]-module of rank n - 1. Let 
= HQ)- By some suitable elementary transformation on P, we may 
assume htiTi = n — 1. Let £((1,0)) = x, then (x,ifi) = if. Since n > 4, 
by Bass cancellation theorem it is easy to see that Q/K\Q is free A\T\/K\- 
module of rank n— 1. Therefore, by lemma 2.3, if = (ifi, x) is n generated, 
and hence if is a complete intersection. Thus / is a set theoretic complete 
intersection in A[T]. □ 

We need the following lemma to prove our next theorem. 

Lemma 3.3. Let B be a commutative Noetherian ring of dimension n + 1 
containing a field k. Let L be an ideal of height n which is a local complete 
intersection in B, such that L/L 2 is free B/L-module of rank n. Then there 
exists a regular sequence fi, ■ ■ ■ , f n in B and s\ G L 2 such that 

1.1 = (/l,..., f n , Sl ), Si(l-Si) G (/!,...,/„), / = (/!,...,/„) +/ 2 , 

and 

2. {/i, . . . , / n -i, f n — s 2 } is a regular sequence in B. 

Proof. There exists a regular sequence f±, ...,/„ in B such that I = (/i, . . . , / n )+ 
I 2 . By Nakayama's lemma, there exists s£j such that s(l— s) G (/i, . . . , / n ) 
and 7 = (/i, . . . , / n , s). Since s(l - s) G (fi, ■ ■ ■ , f n ), we may further as- 
sume that s G L 2 . Notice that we can change s by n™ 1 (s — bif n ) for any 
positive integer m and b{ G P. If pi, . . . ,pt are the maximal elements in 
Ass(P/(/i, . . . ,/n-i)), then f„£pi,... ,p t - 

If s G pi, . . . then f n — s 2 ^ pi, ■ ■ ■ ,pt, and we are through. 

If, say for example, s £ p\, but s + bf n G pi for some b G I, we replace s 
by s(s+bf n ) and assume s G pi. Repeating this procedure (that is, replacing 
s by n^=i( s ~~ ^ifn)) arid reordering pi where i G {1, . . . , t} if necessary, we 
may assume that s G pi, . . . ,p r , s — bf n ^ Pk for k > r and any b £ L. 

Since s G pi, . . . ,p r , f n ~s 2 £ pi, . . . ,p r . If /„ - s 2 £ p r+ i, . . . ,p t , 
then we are done. So by reordering p r +\, ■ ■ ■ ,Pt, we may assume f n — s 2 ^ 

Pr+1, ■ ■ ■ ,Pr+l and fn-S 2 G p r +/+l, . . . ,p t . Let A G iTl {^[Pi) \ U*- =r+/+1 i?j 

(such A does exist), and s\ = s+Xf n . Then f n — s 2 = f n — s 2 — Xf n (2s+Xf n ), 
and f n — s 2 ^ pi, . . . ,p r +i by our choice of A. 

Now we claim that f n — s\ ^ p r+ i + \, . . . ,pt- If f n — s\ G pj for some 
j G {r+Z+l, . . . , i}, then 2s+\f n G pj. Notice that since P is a commutative 



ring containing a field k, either 2 is invertible in B or 2 is zero in B. If 2 is 
zero in B, then \f n G pj, which is impossible. If 2 is invertible in B, then 
s + (l/2)A/ n G Pj, which contradicts that s — bf n ^ pk for A; > r and any 
b £ I. So the claim follows. 

Therefor f n — s\ is a nonzero divisor inS/^,..., fn-l)- By our choice 
of si, we have that / = (f\, . . . , f n , si), si(l - si) G (/i, • • • , /n), «i G I 2 , 
I = (/i, . . . , /„) + J 2 , and {/i, . . . , / n _i, / n - sf} is a regular sequence in 
/. □ 

Throughout the rest of this paper, we will denote P® A[T] by P[T] and 
use similar obvious notation. 

Now we state our theorem for the case when dimension of A > 4, even. 
The proof of this theorem is motivated by , Proposition 6.2, Mandal's 
online talk draft]. 

Theorem 3.4. Let A be a commutative Noetherian ring of dimension n 
(n > 4, even) containing the field of rational numbers. Let L be a local 
complete intersection ideal of height n in A[T]. Suppose there is a surjection 
£ : P[T] — > /, where P is a stably free A-module of rank n. Then L is a set 
theoretic complete intersection in A\T\. 

Proof. We give the proof of the theorem in several steps 

Step 1. We want to find two local complete intersection ideals in A[T] of 
height n, which are comaximal with /. 

Since Ljt 1 is free A [T] //-module of rank n and I is a local complete 
intersection, we may write I = (fi, . . . , f n ) + L 2 , where {/i, . . . , /„} is a 
regular sequence in A[T]. By lemma 3.3, we may assume the image of f n — s 2 
in A[T]/(fi, . . . , / n _i) is a nonzero divisor, I = (/i, . . . , f n , s) and s(l - s) G 
{fi, ■ ■ ■ , fn)- Let Ki = (fx,..., f n , 1 - s), then K\ n J = (/i, . . . , /„). Since 
{/l, ■ ■ ■ j /n-i, /n - s 2 } is a regular sequence and I = (/i, . . . , / n _i, /„ - s 2 ) + 
I 2 , we can write (/i, . . . , / n _i, / n — s 2 ) = In for some local complete 
intersection ideal in -^Pl) which is comaximal with /. We may assume 
K\,K2 are ideals of height n, since if one of them equals A[T], then I is 
a complete intersection. Let g = f n — s 2 , then g^4[T] + K\ = A[T], and 
hence /, K\, K2 are pairwise comaximal. Let L^ = (fx, ... , f n —l) + I 2 \ then 
1^ n K\ n = (f\, ... , f n -i,gfn)- It is clear that g = — s 2 is unit modulo 
K\ and / n = s 2 is unit modulo K2. 

Step 2. We may assume ( /i(0), . . . , /n-i(O), <?(0)/ n (0) ) is an ideal of height 
n in A. 



To see this, we can replace T by T + A for some suitable A € Q, and 
assume (/i(0), . . . , /„_i(0), 5 (0)/ n (0)) = A or ht(/i(0), . . . ,g(0)/ n (0)) = n. 
But if ( /!(0), . . . ,/„-i(0),g(0)/ n (0) ) = A, then 1(0) = A. Thus P has a 
umimodular element. It is then clear that I is a complete intersection in 
A[T] by using lemma 2.3 as in the proof of theorem 3.2. Therefore we may 
assume ( /i(0), . . . , / n _i(0),g(0)/ n (0) ) is an ideal of hight n in A. 

Step 3. We may assume (/i, . . . , f n -\, gf n )A(T) is an ideal of height n in 
A{T). 

If not, then 1^ contains a monic polynomial and hence so does /. From 
the surjection £, we see P(T) has a unimodular element when localized at 
such a monic polynomial. It implies P[T] has a unimodular element by [21 
theorem 3.4]. Hence I is a complete intersection. 

Step 4. We define a local orientation on I^ 2 \ 

Since (/i, . . . , / n -i, /n) = / fl -K"i and ifi is a local complete intersec- 
tion ideal of height n and comaximal with / in -A[T], we have two natural 
surjective homomorphisms 

(A[T]) n 4 IHKx 
(A[T]) n 4 IHKx 

defined by a(ej) = fi for i = 1, . . . ,n, and a'(ej) = fj for j = 1, . . . , n — 
1, a'(e n ) = —f n where ei,...,e n is the standard basis of ^4™ . Since 
(/l, • • • , /n-l,5) = InK 2 and /( 2 ) 0^0^ = (/i, . . . , f n -l,gfn), where 
I,Ki,K2 are pairwise comaximal, we also have two natural surjective ho- 
momorphisms 

(.A[T])" 4 /n# 2 
(A[T]) n ^ /( 2 )nKinK 2 

defined by /3(ej) = fi for i = 1, . . . , n - 1, /?(e n ) = g, and 7(e,-) = / 3 - 
for j = 1, . . . , n — 1, 7(e n ) = g/ n . We define a local orientation cj of /( 2 ) as 
w = 7 A[T]/lW. 

Step 5. We want to show uo (g> A[T]/T can be lifted to a surjection : j4 n — ► 
/( 2 )(0). 

Let £(0) = £<8)A[T\/T, w(0) = A[T]/T, w/(0) = a<g)A[T]/I® A[T]/T, 
^(0) =a^A[T]/K 1 ®,4[r]/r, and^ 2 (0) = /3(g) A[T]/i^ 2 ® A[T]/T. We 
show (/( 2 )(0),w(0)) = in -E(A), the Euler class group of A. There are four 
cases: 



Case 1. Ki(0) and 7£T 2 (0) are ideals of height n in A. 

From the surjection a' , we have the following relation in E(A): 

1. (7(0), -wj(0)) + (7Ci(0), -w Ka (0)) = 0. 

From the surjection f3, we have (7(0), u>j(0)) + (7T 2 (0), w#- 2 (0)) = in 
Since 5(0) = -s 2 (0) is unit modulo 7^(0) and / n (0) = s 2 (0) 
is unit modulo 7T 2 (0), from the surjections (5 and 7 and lemma 5.4 in 
[3], we have the following two relations in E(A): 

2. (7(0)^/(0)) + (K 2 (0),cj K2 (0)) = 0, and 

3. (7( 2 )(0),u;(0))+(7Y 1 (0),- S 2 (0V i , 1 (0))+(7Y 2 (0), S 2 (0V i , 2 (0)) = (1^ (0), W (0))+ 
(7^(0), -u^(0)) + (7C 2 (0),u^ 2 (0)) = 0. 

From the above three relations, we have (7(0), u>i (0)) + (7(0), — cj/(0)) = 
(7( 2 )(0),c;(0)) in E{A). 

Since 7(0) is the image of £(0) : P — > 7(0) and P is a stably free A- 
module, (J(0),w/(0)) + (7(0), -wj (0)) = in £7(A) by Proposition 6.2 
and Corollary 7.9]. Thus (1^ (0), w(0)) = in 

Case 2. TTi(O) = ^4 and 7^(0) is an ideal of height n in A. 

From the surjection a, we have (7(0), cjj(0)) = in T£(A). Hence 
from the surjection /?, we have (7T 2 (0), w_fc; 2 (0)) = in E(A). Further- 
more, the surjection 7 implies = (I^ (0), u(0)) + (7sT 2 (0), s 2 (0)^(0)) = 
(7( 2 )(0),cj(0)) + (7^ 2 (0),u;x 2 (0)). So it is easy to see that (7( 2 ) (0), w(0)) =0 
in 

Case 3. 7T 2 (0) = ^4 and 7Ci(0) is an ideal of height n in A. 
Similar proof as in case (2). 

Case 4. 7Ci(0) = A and 7T 2 (0) = A. 

In this case, (7^ (0), w(0)) = in £?(A) by definition. 

Therefore uj <8> -A[T]/T can be lifted to a surjection 9 : ^4™ — > 7^ 2 )(0) by 
theorem 2.7. And thus u induces a surjection <f> : A[T] n — > /( 2 )//( 2 ) T by 
d Remark 3.9]. 

Step 6. We now show u can be lifted to a surjection 1/3 : (.4[T]) n -> 7( 2 ). 

By a similar argument as in step 5 and considering the Euler class group 
of E(A(T)) (Notice that dimA(T) = n), it is easy to see u (g) A(T) can 
be lifted to a surjection 0' : -A(T) — > P 2 'A(T). Thus by theorem 2.8, the 
surjection : A[T] n -> 7^ 2 ) /7( 2 ) 2 T can be lifted to a surjection ^ : ^[T] n -> 



Therefore, 1^ is a complete intersection, and thus / is a set theoretic 
complete intersection ideal in -A[T]. The proof of the theorem is complete. 

□ 

Now we are able to give a proof of theorem 1.2 we stated in the Intro- 
duction in the case when n is bigger than 4 and even. 

Theorem 3.5. Let A be a commutative Noetherian ring of dimension n 
(n > 4, even) containing the field of rational numbers. Let L be a local 
complete intersection ideal of height n in A[T], such thatL/L 2 is free A[T]/L- 
module of rank n. Suppose (A[T]/L) is torsion in Kq(A[T]). Then L is a set 
theoretic complete intersection in A[T}. 

Proof. By lemma 3.1, there exist a local complete intersection ideal K in 
A[T] with height n, and a surjection £ : P — > K such that: 

1. K c I, Vk = v7 , 

2. P®A[T] » A[T] n+l . 

By theorem 2.6. P is extended from A, and thus P ~ -P[T], for some stably 
free A-module P of rank n. By theorem 13.41 K is a set theoretic complete 
intersection in A[T]. Therefore / is a set theoretic complete intersection in 
A[T]. The proof of the theorem is complete. □ 

Finally, let us state our theorem for the case when dhm4=3: 

Theorem 3.6. Let A be a commutative Noetherian ring of dimension 3 con- 
taining the field of rational numbers. Let L be a local complete intersection 
ideal of height 3 in A[T], such that L/L 2 is free A[T] / 1 -module of rank 3. 
Suppose (A[T]/L) is torsion in Kq(A[T]). Then L is a set theoretic complete 
intersection in A[T]. 

Proof. By lemma 3.1, there exist a local complete intersection ideal K in 
A[T] with height 3, and a surjection £ : P — > K such that: 

1. K C I, VK = yl , 

2. P®A[T] m A[T} 4 . 

From the surjection £ : P — > K and any given trivalization x °f A 3 Pi 
we get an element (K,uj k ) G E(A[T}) and e(P,x) = (K,u K ) in E{A[T]) 
where (K, uk) is obtained from the pair (£,x). By theorem 2.5, P has a 
unimodular element. Thus e(P,x) = in E(A[T]) by [f3 corollary 4.11]. It 



follows that (K,lok) = in i£(A[T]), and thus K is generated by 3 elements 
by [HJ theorem 4.7]. Therefore I is a set theoretic complete intersection in 
A[T]. 

□ 
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